Tachyon condensation on a bosonic D-brane was recently demonstrated numerically in Witten's open string field theory with level truncation approximation. This non-perturbative vacuum, which is obtained by solving the equation of motion, has to satisfy furthermore the requirement of BRST invariance. This is indispensable in order for the theory around the non-perturbative vacuum to be consistent. We carry out the numerical analysis of the BRST invariance of the solution and find that it holds to a good accuracy. We also mention the zero-norm property of the solution. The observations in this paper are expected to give clues to the analytic expression of the vacuum solution.
Introduction
Recently, string field theories, especially Witten's open string field theory [1] , have attracted much interest from the viewpoint of tachyon condensation. In the course of studies on non-BPS states in string theory [2, 3, 4] , Sen has made the following conjectures.
• The open string tachyon is a sign of instability of the system, and it condenses into the non-perturbative vacuum, where the space-time filling D25-brane completely disappears.
• Kink solutions on the non-perturbative vacuum represent various lower dimensional D-branes (descent relations).
To prove these conjectures, especially the first one, we need an off-shell formulation of string theory, and a unique candidate at present is string field theory. In fact, Sen and Zwiebach [5] showed that the first conjecture holds to a miraculously good accuracy by making use of string field theory with level truncation scheme [6] . After this breakthrough, a lot of works in this direction have come out. For the first conjecture, there have appeared works on higher order level truncations [7] , superstring extension [8, 9, 10, 11] , and approaches toward the analytic solution [12, 13, 14, 15, 16] . As for the second conjecture, there are approaches in the level truncation scheme [17, 18, 19, 20, 21] and the analysis in the large non-commutativity limit [22, 23, 24, 25] . In particular, the latter has given a decisive answer to the descent relations. Because Witten's open string field theory is formulated as a gauge theory, we must fix the gauge invariance to find classical solutions. To fix the gauge we use the BRST method, and then the gauge-fixed action has an invariance under the BRST transformation. The BRST invariance of the vacuum as well as of the action is by all means necessary to deal with theories with unphysical negative-norm states [26] . The perturbative vacuum with vanishing string field is trivially BRST-invariant. However, the BRST invariance of the tachyon condensed vacuum is a non-trivial matter since the vacuum solution is obtained by solving only the equation of motion. So we must check the BRST invariance separately to guarantee that the perturbation theory around the vacuum makes sense physically.
The purpose of the present paper is to examine the BRST invariance of the non-perturbative vacuum solution found in [5, 7] in the level truncation approximation. We find that the BRST invariance for the lower level states hold to a very good accuracy. We also analyze the "fake" vacuum belonging to a different branch from the "true" one and show that the BRST invariance is spontaneously broken there. Though we analyze the BRST invariance only numerically here, the BRST invariance of the full theory is expected to give crucial information for constructing the analytic expression of the vacuum solution.
The rest of this paper is organized as follows. In section 2, we recapitulate Witten's open string field theory to fix our conventions. Section 3, the main part, is devoted to the analysis of the BRST invariance of the solution. Lastly in section 4, we conclude our results and make some comments on the numerical results of [5, 7] .
String field theory action and BRST invariance
In this section we briefly review Witten's open bosonic string field theory [1] . Especially we pay attention to gauge invariance, gauge fixing and BRST invariance. Since we are interested only in the translation invariant states, we set the space-time momentum equal to zero.
Action
The gauge invariant action of Witten's string field theory is given by
In this paper we write string field | Φ as a vector in the Fock space of first quantized string 
where | φ and | ψ carry ghost number 0 and −1 respectively. The BRST operator Q B is represented as
3) 
The vertex | V 3 123 representing the three-string midpoint interaction is defined by [27, 28] 
Here we adopt the convention of [7] and take µ = 3 9/2 /2 7 . The Neumann coefficients, N rs nm , X rs nm and X rs n0 are defined using the six-string Neumann coefficientsN 
(2.11)
Gauge fixing and BRST invariance
Since the action (2.1) has an invariance under the stringy gauge transformation
we have to fix the gauge and introduce the ghost fields to quantize the system. This procedure is accomplished by imposing the gauge condition (here we take the Siegel gauge), 
Imposing the gauge condition (2.13), the b
0 -independent part of (2.14) gives the equation of motion of the gauge-fixed system:
On the other hand, the b
0 part of the left-hand-side of (2.14) is the BRST transformation:
The equation of motion (2.15) was studied numerically in [5, 7] using the level truncation scheme, and they found a surprisingly good agreement with the conjectured result [4] Therefore, it is an important and non-trivial matter to check the BRST invariance of the numerical solution obtained in [5, 7] . We shall carry out this task in the next section.
BRST invariance of the non-perturbative vacuum
In this section we examine the BRST invariance of the non-perturbative vacuum of [7] for the first few levels in δ B | φ c . We shall find more and more precise cancellations among the terms in δ B | φ c as we incorporate higher level fields in the quadratic term in (2.16).
BRST invariance at level two
To begin with, we expand the string field following [7] up to level four, assuming that only zero-ghost-number, Lorentz-scalar and even-level fields acquire non-zero vacuum expectation values † :
Because the BRST transformation δ B raises the ghost number by one, we should examine the BRST transformation of the component fields with ghost number −1. Explicitly, we shall consider the following five component fields in | φ with levels 2 and 4:
First let us consider δ BC2 . As an example of the calculation of the quadratic term in δ B | φ of (2.16) contributing to δ BC2 , we present the level-0×level-0 and level-0×level-2 terms using the Neumann coefficients: Collecting the linear term, Q B | φ of (2.16), and all the quadratic terms with the level sum equal to or less than four, we get the following expression for δ BC2 : Now let us substitute into (3.4) the numerical values of ψ k for the non-perturbative vacuum obtained in [7] . The values of ψ k in the (10,20) approximation of [7] is listed in Table 1 . .4), and the row [quadratic : level-0×level-2] is the value of the sum of the ψ 1 ψ 2 and the ψ 1 ψ 3 terms including the factor −µ.
From Table 2 we find that the cancellations occur every time we sum up higher level 
Fake vacuum
In the level truncation scheme there generally appear more than one non-trivial solutions for the equations of motion, for example, there are two solutions in the (2,6) approximation. The ‡ This should be compared with the deviation of the potential height from the expected value, which is of order 10 −3 in the (10, 20) approximation [7] .
non-perturbative vacuum obtained in [5, 7] was chosen by the condition that it lies on the same branch as the trivial solution φ = 0.
In this subsection, let us take the (2,6) approximation and study the BRST invariance of the "fake" vacuum on a different branch. The potential in the (2,6) approximation is
This potential has two non-trivial extrema § , which we call "true" vacuum and "fake" one respectively (see Table 3 ). Table 4 shows the values of δ BC2 for these two vacua. In the case
1.0884 0.05596 −0.3804 "fake" −17.8041 −1.68453 −28.6253 Table 4 : δ BC2 for the "true" and "fake" vacua of the "true" vacuum, there occur neat cancellations as before and total sum is close to zero.
In contrast, for the "fake" vacuum, all values are of order 10 2 and there are no significant cancellations at all. From these facts, we see that we can distinguish the true vacuum out of other extrema of the potential by requiring the BRST invariance. § Because all the coefficient fields are real, we discard complex solutions. 
Summary and discussions
In this paper, we have shown that the non-perturbative vacuum solution obtained in [5, 7] is BRST-invariant. This property is necessary in order that there exists a consistent quantum theory of fluctuations around this vacuum. In particular, the BRST invariance would play an important role in showing the absence of physical open string excitations on the nonperturbative vacuum. We have also examined the BRST invariance of the "fake" vacuum and found that the BRST symmetry is spontaneously broken there. The fact that "fake" vacua are not BRST-invariant may indicate that they are artifacts of the level truncation and do not exist in the full theory. Now we shall comment on the zero-norm property of the non-perturbative vacuum solution in the level truncation scheme. As mentioned in [5] , if we parameterize the level-2 part of the solution as
the coefficients u and v are almost equal ¶ . Once we assume that this equality is exact, the level-2 part of the solution has zero-norm: the norm of the first term of (4.1) is cancelled by that of the second. Next let us proceed to level 4 and observe that the ψ 4 , ψ 8 and ψ 10 part of the solution is rewritten using the values of the (10,20) approximation in Table 1 as
where each state is normalized to a positive or negative unit norm. Similarly to the previous case (4.1), the two coefficients are almost equal in a few percent error:
Though, in eqs. (4.2) and (4.3), we considered a part of the level-4 states orthogonal to the other parts, the zero-norm property holds better for the whole of the level-4 state. Evaluating the errors in the same manner as (4.3), the whole level-4 state deviates from the zero-norm combination only by 2.6%, and the whole level-6 state by 1.5%. Therefore, it is very likely ¶ In terms of ψ 2 and ψ 3 , this relation reads ψ 2 = −(1/ √ 52) ψ 3 . The BRST invariance, δ BC2 = 0, at the linearized level requires ψ 2 = −(3/26) ψ 3 (see eq. (3.4) ). These two are close numerically, 1/ √ 52 = 0.139 ≃ 0.115 = 3/26. The zero-norm property may possibly be related to the BRST invariance.
The classical solution | φ c has an exact symmetry under the exchange (nc −n , b −m ) → (b −n , −mc −m ), which is owing to the invariance of L and | v 3 under the exchange. We have used this fact for the second term of (4.2).
that in each level the whole state has zero norm in the full solution (or the zero norm property might hold in a more severe sense: each level is a sum of zero norm states, such as (4.2), which are orthogonal to one another). If this is the case, we can write the potential at the extremum normalized by the D25-brane tension 2/π 2 as
where we have used the equation of motion (2.15) at the second equality, and used the zeronorm assumption at the last equality. Note that the last expression is given only in terms of ψ 1 . The numerical value of the last expression of (4.4) is −0.9818, very close to the desired value −1. This (almost) zero-norm property as well as the BRST invariance may serve as important clues to the construction of the analytic solution for the non-perturbative vacuum.
